A hydrodynamic description for inelastic Maxwell mixtures driven by a stochastic thermostat with friction is derived by solving the set of Boltzmann kinetic equations by means of the Chapman-Enskog method. Contrary to previous works where the constitutive relations for the fluxes were restricted to states near the homogeneous steady state, the expressions of the Navier-Stokes transport coefficients are obtained by considering a more general time-dependent reference state. This allows us to describe the system under wider physical conditions. The transport coefficients are given in terms of the solutions of a set of nonlinear differential equations. These differential equations (which must be in general numerically solved) involve the derivatives with respect to the scaled parameter of the thermostat ξ * . Exact expressions for the Navier-Stokes transport coefficients are obtained in the special cases of undriven mixtures (ξ * = 0) and driven mixtures under steady conditions (ξ * = ξ * st , where ξ * st is the value of the reduced noise strength at the steady state). While the transport coefficients display a weak dependence on ξ * for small inelasticity (and so, driven and undriven systems have similar transport properties), this dependence significantly increases with increasing inelasticity. As a complement, the results for inelastic Maxwell models (IMM) are compared against known results for inelastic hard spheres (IHS) obtained in the leading Sonine approximation. While the IMM predictions for the diffusion transport coefficients compare very well with those derived for IHS, significant quantitative differences are found in the cases of the shear viscosity coefficient and the heat flux transport coefficients. * Electronic address: nagi.khalil@urjc.es † Electronic address: vicenteg@unex.es;
I. INTRODUCTION
Linking macroscopic laws with microscopic ones is one of the main aims of Statistical Mechanics. While this issue is well understood for macroscopic fluid systems under thermodynamic equilibrium conditions (where Gibbs' formulation connects the Hamiltonian of a system with their thermodynamic properties), a general theory for out-of-equilibrium systems is still lacking. An exception is when the fluid system is dilute enough and hence, the particles collide with short-ranged interactions. In this case, a kinetic theory description based on a combination of Boltzmann kinetic equation and different methods of solution has been proved to be a powerful tool. In particular, the Navier-Stokes and Burnett hydrodynamic equations with explicit expressions for the transport coefficients have been derived for general potential interactions by solving the Boltzmann kinetic equation by means of the Chapman-Enskog method [1] . This perturbative method is based on the expansion of the distribution function around a chosen reference state, a state where the system keeps close to.
The Chapman-Enskog method has been mainly employed to solve the Boltzmann equation for ordinary or molecular gases (namely when the collisions among particles are elastic). In this case, the solution to the Boltzmann equation in the absence of spatial gradients (zeroth-order approximation) is given by the local version of the Maxwell-Boltzmann velocity distribution function, namely, the distribution function obtained from the Maxwell-Boltzmann distribution by replacing temperature, density and flow velocity with their actual nonequilibrium values. Since a well-known feature of the equilibrium state is that the gas evolves spontaneously towards it after a few collisions per particle [2, 3] (regardless of the initial preparation of the system), the election of the above reference state is well justified for ordinary gases. However, when the number of particles [4] [5] [6] , the linear momentum [7] , and/or the kinetic energy [8] [9] [10] are not conserved in collisions, then the situation becomes more cumbersome and the choice of a proper reference state is not simple nor even unique.
A natural question to ask in all the above situations is: What is the appropriate reference state to be used in a perturbative method like the Chapman-Enskog method? As said before, for ordinary fluids close to thermal equilibrium, a good choice is the local Maxwell-Boltzmann distribution function. However, in the case of systems inherently out of equilibrium such as granular gases (a gas constituted by macroscopic particles that undergo inelastic collisions), the Maxwell-Boltzmann distribution is not a solution of the homogeneous (inelastic) Boltzmann equation and hence, one has to look for another reference distribution function. In particular, for freely cooling granular gases, the zeroth-order approximation in the Chapmann-Enskog expansion is the local version of the so-called homogeneous cooling state, namely, a homogeneous state where the granular temperature monotonically decays in time [8] [9] [10] [11] . The homogeneous cooling state has been widely used as the reference state in the Chapman-Enskog method to obtain not only the general form of the hydrodynamic equations, but also to explicitly determine the expressions of the Navier-Stokes [12, 13] and Burnett [14] transport coefficients. Although this reference state is a time-dependent state (since the temperature decreases in time due to the collisional cooling), the resulting hydrodynamic equations describe reasonably well for not strong values of inelasticity the transport properties of unsteady and steady states eventually reached by the system when energy is injected through the boundaries [15] [16] [17] [18] . However, when the energy input is done globally [19] [20] [21] or by means of a vibrating plate [22] [23] [24] [25] [26] [27] [28] , it is more convenient to take a time-dependent reference state different from the conventional homogeneous cooling state. Beyond the homogeneous cooling state, another type of reference states can be chosen when, for instance, the granular gas is strongly sheared [18, [29] [30] [31] or subjected to strong temperature gradients [32] [33] [34] . Another relevant situation is when the granular gas is driven by the action of an external driving force. This is the usual way to drive a granular gas in computer simulations [24, [35] [36] [37] [38] [39] [40] [41] [42] . Borrowing a terminology employed in nonequilibrium molecular dynamics simulations of ordinary fluids [43] , these external forces are referred to as "thermostats". In the case of spatially homogeneous situations, when the energy injected by the thermostat is exactly compensated for by the energy lost by collisions, a nonequilibrium steady state is reached, a state analogous to the equilibrium state of molecular gases. However, the above steady state is not a good choice for the reference state in the Chapman-Enskog solution since a local election of the hydrodynamic variables induces a collisional cooling that, in general, cannot be exactly compensated for by the energy injected in the system by the thermostat [44] . This means that the dynamics close to the steady states requires a time-dependent reference homogeneous solution to the kinetic equation. This is a subtle and important point that must be taken into account when one attempts to obtain the transport properties. The fact that the zeroth-order approximation of the Chapman-Enskog solution for driven systems is not stationary introduces conceptual and practical difficulties not present when the reference state is the (local) homogeneous steady cooling solution [10, 45] .
The Navier-Stokes transport coefficients of driven granular gases modeled as inelastic hard spheres (IHS) have been recently obtained for mono [19, 46, 47] and multicomponent [20, 21, 48] systems. In the above papers, the gas is driven by a stochastic bath with friction. However, there are two important limitations in the above works. First, although the reference state is a time-dependent distribution, the explicit forms of the transport coefficients were derived by assuming steady state conditions, namely, when there is an exact balance between the energy input and the energy dissipated by collisions. This allows us to get analytical expressions for the Navier-Stokes transport coefficients. Second, as usual and due to the mathematical complexity of the Boltzmann collision operator, the results were approximately achieved by considering the leading terms in a Sonine polynomial expansion. This second limitation can be overcame by considering the so-called inelastic Maxwell models (IMM) [49] [50] [51] [52] [53] . As the conventional Maxwell molecules for elastic collisions [54, 55] , the collision rate of two particles for IMM is assumed to be independent of their relative velocity. This simplification opens up the possibility of finding exact results of the Boltzmann equation [56] since a collisional moment of degree k of the Boltzmann operator can be expressed in terms of velocity moments of a degree less than or equal to k without the explicit knowledge of the distribution function.
In this work, we extend the results derived for IHS in Refs. [20, 21, 48] by considering a reference state which can be arbitrarily far away from the homogeneous steady state. This choice allows us to provide a general hydrodynamic description (not necessarily restricted to states close to the homogeneous steady state) where, for instance, we can find regions in the system where the transport coefficients are very close to those obtained for the undriven granular gas and others where the dynamics is dominated by the effect of the thermostat. As an intermediate situation, an exact balance between dissipation in collisions and energy injected by the thermostat (steady state conditions) can be seen as well. Although the results derived here can be applied to IHS, we will employ IMM to simplify the presentation and derive exact results.
The organization of the paper is as follows. In section II we introduce the model as well as the kinetic and hydrodynamic descriptions. The reference state is identified in section III where it is shown that this state reduces to both the homogeneous cooling state and the homogeneous steady state in their corresponding limits. The Chapman-Enskog method is briefly described in section IV where the kinetic equation verifying the first-order distribution function is provided. Section V deals with the determination of the Navier-Stokes transport coefficients associated with the mass flux, the pressure tensor, and the heat flux. These coefficients are given in terms of the solution of a set of nonlinear coupled differential equations. These equations can be analytically solved for both undriven granular mixtures and driven mixtures in steady state conditions. Beyond these limit cases, the transport coefficients are obtained via a numerical integration of the above set of differential equations. These equations are solved for some representative cases, showing the dependence of the transport coefficients on the parameters of the system as the effect of the thermostat is increased and/or decreased. In addition, a comparison with the results obtained in previous works for IHS [20, 21, [57] [58] [59] is also addressed in section VI. The paper ends in section VII with a brief discussion of the results reported here.
II. BOLTZMANN KINETIC THEORY AND HYDRODYNAMICS

A. Model and kinetic description
Let us consider a granular binary mixture modeled as a binary mixture of inelastic Maxwell gases at low density. The Boltzmann equation for IMM [49] [50] [51] [52] [53] can be obtained from the Boltzmann equation for IHS by replacing the rate for collisions between particles of components i and j by an average velocity-independent collision rate, which is proportional to the square root of the "granular" temperature T . With this simplification, the velocity distribution function f i (r, v; t) of a particle of component i (i = 1, 2) with position r and velocity v at time t satisfies the following set of nonlinear Boltzmann kinetic equations:
where the Boltzmann collision operator
Here,
is the number density of component i, ν ij = ν ji is an effective collision frequency (to be chosen later) for collisions of type i-j, Ω d = 2π d/2 /Γ(d/2) is the total solid angle in d dimensions, and α ij = α ji ≤ 1 refers to the constant coefficient of restitution for collisions between particles of component i with j. Although negative values of α ij can be considered [11] , we restrict ourselves in this work to positive values of α ij . In Eq. (2), the primes on the velocities denote the initial values {v ′ 1 , v ′ 2 } that yield {v 1 , v 2 } following a binary collision:
where g 12 = v 1 − v 2 is the relative velocity of the colliding pair, σ is a unit vector directed along the centers of the two colliding spheres, µ ij = m i /(m i + m j ), and m i is the mass of component i. The collision rules (4) conserve the number of particles of each component and the total linear momentum. However, the total kinetic energy of the colliding pair is reduced by a factor 1 − α 2 ij after the collision, hence α ij = 1 and α ij = 0 correspond to the elastic and completely inelastic limits, respectively.
In the Boltzmann equation (1), F i is an operator accounting for the effect of an external force (or thermostat) on particles of component i. Here, as in our previous work for IHS [20] , we assume that the external force is constituted by two independent terms: (i) a drag force proportional to the velocity of the particles and (ii) a stochastic force having the form of a Gaussian white noise [60] . On the other hand, as discussed in Ref. [20] , there is some flexibility in the choice of the explicit form of F i for multicomponent systems since either one takes the external force to be the same for each component [61] [62] [63] or it can be chosen to be a function of the mass of each component [35, 39, 40] . To cover both possibilities, we assume that the operator F i takes the form [20] 
where γ b is the drag (or friction) coefficient and ξ 2 b represents the strength of the correlation in the Gaussian white noise. Moreover, β and λ are arbitrary constants of the driven model, V = v − U is the peculiar velocity, and
As happens for elastic collisions [54, 55] , the main advantage of using IMM is that a velocity moment of order k of the Boltzmann collision operator J ij [f i , f j ] only involves moments of order less than or equal to k [64, 65] . This property allows one to obtain the collision moments without the knowledge of the velocity distributions f i and f j . In particular, the quantities ζ ij , which define the cooling rate ζ, can be exactly computed. They are given by [66] 
where
is the reduced mass,
is the partial pressure of component i and
is the mass flux of component i relative to the local flow. According to Eq. (13), the hydrostatic pressure is
In order to achieve explicit results one still has to chose the collision frequencies ν ij . These quantities (which can be seen as free parameters of the model) can be chosen to optimize the agreement with some property of interest obtained from the Boltzmann equation for IHS. Thus, as in previous works on IMM [66] [67] [68] , we adjust the cooling rates ζ ij for IMM to be the same as those obtained for IHS in the so-called homogeneous cooling state. Given that ζ ij is not exactly known for IHS, we evaluate it by replacing f i by its Maxwellian approximation [10] . With this choice, ν ij is
where σ ij = (σ i + σ j )/2, σ i is the diameter of particles of component i, and
is an effective collision frequency. Upon deriving Eq. (20) use has been made of the fact that the mass flux j i = 0 in the homogeneous cooling state. Several observations are in order. On the one hand, not all quantities are independent since, for instance, we have x 1 + x 2 = 1, T = x 1 T 1 + x 2 T 2 , and j 1 = −j 2 . In addition, as will show latter, the partial temperatures T i have nonzero contributions in the Navier-Stokes domain (first-order in spatial gradients). These contributions are proportional to the divergence of the flow velocity ∇ · U. Thus, for the sake of simplicity, the partial temperatures defining the collision frequencies in Eq. (20) are taken to be of order zero in spatial gradients (i.e., θ i = m i T /mT (0) i ). Table I collects most of the definitions employed along the paper.
B. Hydrodynamic description
The hydrodynamic balance equations for n i , U, and T can be easily derived by multiplying the set of Boltzmann equations (7) by m i , m i v, and 1 2 m i V 2 , respectively, integrating over velocity, and taking into account the properties (8)-(10) of the operator J ij [f i , f j ]. When these equations are complemented by the so-called constitutive relations for the fluxes, they provide a suitable description of the system for macroscopic space and time scales. On the other hand, as discussed in some previous works [20, 57, 58] , there is some flexibility in the choice of the hydrodynamic fields representing the mass and heat fluxes in a two-component mixture. Here, as in Ref. [20] , we take the mole fraction x 1 , the hydrostatic pressure p = nT , the temperature T , and the d components of the local flow velocity U 
Zeroth-order temperature ratio of component 1
Zeroth-order temperature ratio of component 2
Thermal speed v0 = 2T /m ν0
Effective collision frequency as the d + 3 independent fields of the binary mixture. With this choice, the resulting hydrodynamics equations read
In Eqs.
is the total pressure tensor,
is the total heat flux, and the cooling rate ζ is defined by Eq. (10) . Note that the balance equations (22)- (25) apply regardless of the details of the interaction model for inelastic collisions considered, provided particles and linear momentum are conserved. Of course, the influence of the collision model appears through the dependence of the cooling rate and the transport coefficients on the parameter space of the system (concentration, masses and diameters of components, and coefficients of restitution). As mentioned before, the balance equations (22)-(25) become a set of closed nonlinear differential equations for the fields x 1 , p, T , and U when the mass, momentum, heat fluxes, and the cooling rate are expressed in terms of the hydrodynamic fields and their gradients (constitutive relations). To achieve this set of equations, we have to find first a normal or hydrodynamic solution to the Boltzmann equation, characterized by the fact that all the spatial and time dependence of the distribution functions f i occur entirely through a functional dependence on x 1 , p, T , and U. In practice, the functional dependence of the distribution functions can be made local in space by expanding them in powers of the spatial gradients around a base reference state. This type of expansion is accomplished by the Chapman-Enskog method [1] .
The determination of the Navier-Stokes transport coefficients for IHS was accomplished in Refs. [20, 21] . Nevertheless, due to the mathematical difficulties of the problem, only steady state conditions were considered. In this paper, we want to revisit this problem in the case of IMM (where all the results are exact) but for arbitrary unsteady conditions. Since the characterization of the time-dependent homogeneous state is essential for deriving latter the Navier-Stokes hydrodynamic equations, before considering inhomogeneous situations we will study first the homogeneous state. This will be carried out in the following section.
III. HOMOGENEOUS REFERENCE STATES
As extensively discussed in Refs. [11, 44] for monocomponent granular gases, two separate stages can be identified in the dynamical evolution of a system from any initial condition. A fast first stage dependent on the initial conditions is followed by a slow stage where the time evolution of the system is completely determined by the time evolution of the hydrodynamic fields. While the first stage defines the so-called kinetic regime, the second one refers to the so-called hydrodynamic regime where the granular gas has completely "forgotten" the details of the initial conditions. Here, we are interested in the hydrodynamic regime.
In homogeneous states, the concentration x 1 is constant, the pressure p and temperature T are spatially uniform, and with an appropriate choice of the reference frame U g = U = 0. Under these conditions, the set of Boltzmann equations (7) becomes
The balance equations (22)-(25) for homogeneous states simply reduce to
In the hydrodynamic regime, since the time dependence of the distribution functions enters through T and p, one has the identity ∂ t f i = −Λ (T ∂ T + p∂ p ) f i and the Boltzmann equation (28) reads
As discussed in Ref. [20] , the solutions to the set of coupled Boltzmann equations (30) have the scaling forms
where v 0 (t) = 2T (t)/m is the thermal speed, c = v/v 0 is the scaled velocity, and we have introduced the following dimensionless thermostat parameters:
Since the total number density n = p/T is independent of time, then ω * does not depend on time. Thus, it is quite apparent that the dependence of the scaled distribution ϕ i on time is encoded through two parameters: the dimensionless velocity c and the (reduced) noise strength ξ * . As mentioned in our previous work [20] , this type of scaling differs from the one assumed in the undriven case where ϕ i depends on time only through c [10, 69] ; for more details see also Ref. [11] . This new time dependence of ϕ i introduces conceptual and practical difficulties in the determination of the transport coefficients not present in the free cooling case [57] .
In terms of the above dimensionless parameters, Eq. (29) can be rewritten as
where Λ * = Λ/ν 0 and
Here, ν * ij = Ω ij /ν 0 . As for IHS, the solution to Eq. (33) is not known. On the other hand, the simplified form of the Boltzmann operator for IMM allows one to determine exactly its velocity moments. In particular, the set of differential equations for the temperature ratios
can be derived by multiplying both sides of Eq. (33) by m i c 2 and integrating over velocity. The result is
and ζ * i = ζ i /ν 0 is given by
As discussed in Ref. [20] , for elastic collisions, the steady solution to Eq. (36) yields the result
where T b is the bath temperature. This temperature can be seen as a remnant of the temperature of the background molecular gas. Of course, the thermostat parameters ξ 2 b and γ b fix the value of T b . Since ξ * (t) ∝ T (t) −3/2 , one can take ξ * instead of t/t 0 (t 0 being an arbitrary unit of time) to analyze the timedependence of the temperature ratios. Thus, the solution to Eq. (36) provides the dependence of the temperature ratios χ i (x 1 , ω * , ξ * ) on the reduced noise strength ξ * . Note first that Eq. (36) reduces to that of the undriven case when ξ * → 0 but keeping ω * finite (which is equivalent to γ b → 0 and ξ b → 0 but keeping γ b ξ −2/3 b finite). This physical situation could be achieved by assuming that the granular temperature is much larger than that of the bath T b and so, the dynamic of grains is not substantially affected by the presence of thermostat. In this limit case (ξ * → 0), Eq. (36) reduces to
The solution to Eq. (40) gives χ 1 in terms of the mass and diameter ratios, the concentration x 1 , and the coefficients of restitution. Comparison between the theoretical results for IMM obtained from Eq. Monte Carlo simulations for IHS shows in general an excellent agreement for conditions of practical interest [67] . On the other hand, for states close to the undriven case (ξ * ≪ 1), Eq. (36) admits the solution
where χ 1,0 (x 1 ) is the solution to Eq. (40). The coefficient χ 1,1 (x 1 , ω * ) can be easily obtained by introducing the form (41) into Eq. (36) and taking the limit ξ * → 0. Its expression is
Beyond the above cases, one has to numerically solve Eq. (36) to get χ 1 (x 1 , ω * , ξ * ) for the homogeneous reference state. The initial condition is generated by using Eq. (41) for ξ * ≪ 1. This allows us to avoid the singular point ξ * = 0. Figure 1 shows χ 1 versus ξ * for three different initial conditions (namely, different values of ξ * and χ 1 ). Here, as in our previous works on driven granular mixtures [20, 21, 70] , β = 1, λ = 2, and ω * ≃ 0.107 (it corresponds to the volume fraction 0.00785, which is of course very small). It is clearly seen that all the curves converge rapidly towards the same universal curve (thick black line of Fig. 1 ) regardless of the initial condition considered. This universal curve is identified as the hydrodynamic solution χ 1 (x 1 , ω * , ξ * ). The steady state (Λ * = 0) is represented by the filled circle of Fig. 1 . This state was widely studied in Ref. [20] where it was shown that χ 1 and its derivatives are regular functions of x 1 , ω * , and ξ * . Apart from the homogeneous steady state, the transport properties in states close to the steady state were also determined in the above papers [20, 21, 48] . Here, we will generalize this study by considering transport around arbitrary homogeneous reference states, represented by the thick black line of Fig. 1 in the plane (ξ * , χ 1 ).
Although the exact form of the distributions ϕ i is not known, an indirect information on them is provided by their velocity moments. In particular, the fourth cumulants K i are defined as
The quantities K i measure the deviation of ϕ i from its Maxwellian form π −d/2 β d/2 i e −βic 2 . The evolution equation of K i can be obtained by multiplying both sides of the Boltzmann equation (33) by m i c 4 and integrating over velocity. The calculations are long and will be omitted here for the sake of brevity. As in the case of the temperature ratio χ 1 , the results show that both cumulants tend to converge towards the universal hydrodynamic functions after a short transient period. This behavior is clearly illustrated in Fig. 2 where K 1 (ξ * ) and K 2 (ξ * ) are plotted versus ξ * for the same initial conditions as in Fig. 1 .
IV. CHAPMAN-ENSKOG SOLUTION OF THE BOLTZMANN EQUATION FOR IMM
The Chapman-Enskog method [1] generalized to inelastic collisions is applied in this section to solve the set of Boltzmann equations (7) for IMM up to first order in spatial gradients. The Chapman-Enskog solution will be employed then to determine the Navier-Stokes transport coefficients as functions of the coefficients of restitution, composition, the masses and diameters of grains, and the thermostat parameters.
A. Sketch of the Chapman-Enskog method
The Chapman-Enskog method assumes the existence of a normal solution to the Boltzmann equation in which the space and time dependence of the velocity distribution functions f i is through a functional dependence on the hydrodynamic fields:
This functional dependence can be made local in space and time by means of a series expansion in a formal parameter ǫ measuring the nonuniformity of the system,
where each factor ǫ means an implicit gradient of the hydrodynamic fields x 1 , U, p, and T . The time derivatives of the fields are also expanded as
The expansions (45) and (46) yield similar expansions for the fluxes and the cooling rate when substituted into Eqs. (14) , (16) , (18) , (26) , and (27):
In addition, although the partial temperatures T i are not hydrodynamic quantities, they must be also expanded in powers of the gradients as [48, 71] 
On the one hand, the action of the time derivatives ∂ (k) t on x 1 , U, p, and T can be obtained from the balance equations (22)-(24) after taking into account the expansions (47)- (49) . On the other hand, in ordering the different terms in the kinetic equations, one has still to characterize both the magnitude of the driven parameters (γ b and ξ 2 b ) and the velocity difference ∆U relative to the gradients as well. As in our previous study on IHS [20] , γ b and ξ 2 b are taken to be of zeroth order in the gradients since they do not produce any flux in the system. In the case of ∆U, since U relaxes towards U g in homogeneous problems, then it should be considered at least to be of first order in the gradients.
As in the usual Chapman-Enskog expansion for molecular gases [1] , the hydrodynamic fields x 1 , p, T , and U are defined by the zeroth-order distributions, namely,
Since the constraints (50) and (51) must hold at any order in ǫ, the remainder of the expansion must obey the orthogonality conditions
for k ≥ 1. A consequence of Eq. (52) is that the partial densities are of zeroth order while Eq. (53) yields the relations
for k ≥ 1.
In the zeroth order, f 
We recall that ν ij is defined by Eq. 
where p = nT .
B. First-order solution. Navier-Stokes approximation
To first order in the gradients, the kinetic equation for f
t + U · ∇ and the action of the linear operators L 1 and M 1 on a generic function X(v) is given by
The kinetic equation for f
can be easily obtained from Eq. (59) by just making the changes 1 ↔ 2. The balance equations at this order read
Upon writing Eq. (62) we have accounted for that T (1) i is a scalar and hence, it can only be coupled to the divergence of the flow velocity field ∇ · U. More explicitly, it can be written as
where ν 0 is the effective collision frequency defined in Eq. (21) and χ U (ξ * , ω * ) is a dimensionless quantity. In addition, the first-order contribution ζ (1) to the cooling rate can be written as
The explicit form of ζ U can be easily obtained by expanding ζ i [Eqs. (15) and (16)] to first order in the gradients or by taking the appropriate moments of Eq. (59); in fact ζ U ∝ χ U . The right-hand side of the kinetic equation (59) can be more explicitly written when one uses Eqs. (61) and (62) to first-order in spatial gradients. This latter relation is given by [48] j (1)
where D is the diffusion coefficient, D p is the pressure diffusion coefficient, D T is the thermal diffusion coefficient, and D U is the velocity diffusion coefficient. Taking into account these results, the equation for f
Upon deriving Eq. (67), use has been made of the symmetry property V k (∂f
It is worth noting that Eqs. (67)-(71) are similar to those obtained for IHS [20, 48] . The only difference between the kinetic equations obtained for IHS and IMM is the explicit form of the linearized Boltzmann collision operators L i and M i . The simplified form of these operators for IMM allows one to determine the exact expressions of the mass flux, the pressure tensor, and the heat flux in the first order of gradients. These constitutive relations allows one to identify the Navier-Stokes transport coefficients of the driven granular binary mixture. Note that due to the simplicity of the Maxwell collision kernel one could get higher-order hydrodynamic equations. In particular, the Burnett hydrodynamic equations have been derived for monocomponent inelastic Maxwell gases [14] .
V. CONSTITUTIVE RELATIONS. NAVIER-STOKES TRANSPORT COEFFICIENTS
The goal of this section is to determine the Navier-Stokes transport coefficients associated with the irreversible fluxes for IMM. In contrast to the previous attempts for IHS [20, 21, 48] , the results obtained here will be not restricted to steady states since the homogeneous reference state f (0) 1 in the Chapman-Enskog solution is a time-dependent state. To first order in spatial gradients, the mass flux j (1) 1 is given by Eq. (66), the pressure tensor is
and the heat flux is
In Eqs. (72) and (73), η is the shear viscosity, D ′′ is the Dufour coefficient, L is the pressure energy coefficient, κ is the thermal conductivity, and κ U is the velocity conductivity. As we will show in this section, the set of transport coefficients {D, D p , D T , D U , η, D ′′ , L, κ, κ U } are given in terms of the solutions of nonlinear differential equations in the (reduced) variable ξ * . Simple analytical solutions to these equations correspond to undriven granular mixtures (ξ * = 0) and driven granular mixtures under steady state conditions (Λ (0) = 0).
A. Mass flux
The first-order contribution j
1 to the mass flux is defined as
To compute j
1 , we multiply both sides of Eq. (67) by m 1 V and integrate over velocity. After some algebra, one gets the result
Upon obtaining Eq. (75), use has been made of the result [67] dv
The solution of Eq. (75) is of the form (66), as expected. Dimensional analysis shows that D ∝ T 1/2 , D p ∝ D T ∝ T 3/2 /p, and D U ∝ p/T and hence, ∂
can be computed as
where we have introduced the dimensionless coefficients
The diffusion coefficients D, D p , D T , and D U can be easily identified after inserting Eq. (79) into Eq. (75) . While the (reduced) coefficients D * , D * p , and D * T obey a set of coupled differential equations, the (reduced) coefficient D * U obeys the autonomous equation
where the coefficients a ij are defined in Appendix A. In matrix form, the remaining coefficients verify the differential equations
Note that there are two ways of "removing" the presence of the derivatives ∂ * ξ in Eqs. (80) and (81): (i) either by taking the limit Λ (0) → 0 (the system and the thermostat locally thermalize and a steady state is achieved) or (ii) by taking the limit ξ * → 0 (undriven granular mixtures). The former limit was analyzed in Refs. [20, 21] for IHS and more recently in Ref. [72] for IMM, while the latter was studied in Refs. [57, 59] for IHS and in Ref. [67] for IMM. In both limit situations (Λ (0) = 0 or ξ * → 0), one may obtain analytical expressions for the diffusion transport coefficients. However, beyond both special situations, as expected one has to get the above coefficients by numerically solving Eqs. (80) and (81).
B. Pressure tensor
The first-order contribution P (1) to the pressure tensor can be written as P (1) = P (1)
The partial contributions P
1 can be obtained by multiplying both sides of Eq. (67) by m 1 VV and integrating over V. After some algebra, one achieves
where p
and use has been made of the result [67] dv m 1 VV L 1 f
The corresponding equation for P 
where τ * ij = τ ij /ν 0 , and use has been made of the relations p∂ p
Note that for ξ * → 0, Eq. (41) yields ω * ∂ ω * χ 1 → 0 and so, Eq. (88) leads to χ U = 0 as expected [57] [58] [59] . However, when ξ * = 0, the right hand side of Eq. (88) is in general different from zero and hence, χ U = 0 for driven granular mixtures at low density.
To identify the shear viscosity coefficient η, it is convenient to rewrite P
1,kℓ as
where Π
1,kℓ is the traceless part of the partial pressure tensor P
1,kℓ . From Eq. (83), one gets the differential equation obeying Π (1) 1,kℓ :
The differential equation of Π
2,kℓ can be easily inferred from Eq. (90) by interchanging 1 ↔ 2. The solution to Eq. (90) (and its counterpart for Π (1) 2,kℓ ) can be written as
According to Eq. (72), the shear viscosity of the mixture is η = η 1 + η 2 . Dimensional analysis requires that η i ∝ T 1/2 and so,
where η * i = (ν 0 /p)η i . Thus, in matrix form, the set of equations for η * i are given by
where the coefficients b ij are defined in Appendix A. The solution to Eq. (93) gives the shear viscosity coefficient η = η 1 + η 2 . In the case of undriven granular gases (ξ * → 0), Eq. (93) agrees with the one derived before for IMM [67] . Moreover, for steady state conditions (Λ (0) = 0), one also obtains a simple analytical solution. Beyond both limit cases, the numerical solution to the set of equations (93) provides the shear viscosity coefficient in the time-dependent driven state.
C. Heat flux
To first order, the heat flux is given by
where, in dimensionless forms, the Dufour coefficient D ′′ , the pressure energy coefficient L, the thermal conductivity κ, and the velocity conductivity κ U are defined as
The differential equations verifying the (scaled) coefficients D ′ * i , L * i , κ * i , and κ * Ui can be obtained by following similar mathematical steps as those made for the other transport coefficients. As in the case of the diffusion coefficients, the (reduced) coefficients κ * Ui verify an autonomous set of equations given by
where the expressions of the coefficients c ij are displayed in Appendix A. The remaining coefficients are coupled. By using matrix notation, the coupled set of six differential equations for the unknowns
can be written as
Here, X ν is the column matrix defined by the set (97), Σ µν is the square matrix 
and the column matrix Y is
VI. INFLUENCE OF THE THERMOSTAT AND COMPARISON WITH THE TRANSPORT COEFFICIENTS OF IHS
Needless to say, the transport coefficients depend on many parameters and so an exploration of the full parameter space is simple but large and beyond the objective of the present paper. As in our previous papers [20, 21] on driven granular mixtures, since the new relevant feature of the transport coefficients is their dependence on inelasticity, the above coefficients are normalized with respect to their values for elastic collisions. In addition, only the simplest case of a common coefficient of restitution (α 11 = α 22 = α 12 ≡ α) of an equimolar binary mixture (x 1 = 1 2 ) with the same diameters (σ 1 = σ 2 ) and with parameters β = 1, λ = 2 is considered. In addition, we take a volume fraction of 0.00785, which corresponds to a very dilute system. The value of ω * for this system can be easily inferred from table I. The above choice of parameters reduces the parameter set to three quantities: {ξ * , m 1 /m 2 , α}. First, we analyze the dependence of the transport coefficients on the scaled parameter of the thermostat ξ * for different values of m 1 /m 2 and α. Then, we focus on the dependence of the transport coefficients on α for both ξ * = 0 (free cooling case) and ξ * = ξ * st (driven steady case) and different values of the mass ratio m 1 /m 2 .
A. Influence of the thermostat
As already mentioned, the influence of the thermostat on transport is accounted for the value of the dimensionless quantity ξ * . In particular, when ξ * = 0, we recover the previous results derived for freely cooling inelastic Maxwell gases [67] . This situation can be achieved either because both parameters γ b and ξ 2 b go to zero (keeping γ b ξ −2/3 b finite) or because the granular temperature is big enough (T ≫ T b ). Another interesting simple situation corresponds to the case ξ * = ξ * st where the density and granular temperature reach the local steady values imposed by the thermostat. The steady value ξ * st is obtained from the condition x 1 Λ * 1 + x 2 Λ * 2 = 0. The transport properties of driven granular mixtures of IHS under steady state conditions has been analyzed in Refs. [20, 21] . There is still another limiting case, namely when ξ * → ∞. In this limit case, the granular temperature is small enough so that the collisions among particles are irrelevant and the thermostat is the only dynamical source. Figure 3 shows the dependence of the dimensionless diffusion coefficients (D * , D * p , D * T , and D * U ) on the scaled parameter ξ * /ξ * st for a two-dimensional granular mixture with m 1 /m 2 = 2 and two different values of the coefficient of restitution: α = 0.9 (left panel) and α = 0.6 (right panel). Here, we restrict our study to the interval between the undriven state (ξ * = 0) and the asymptotic final steady state (ξ * /ξ * st = 1). We observe that the influence of the thermostat (as measured by the difference between the values of the dimensionless diffusion coefficients with and without a thermostat) is more significant as the inelasticity increases, as the right panel of Fig. 3 shows.
The coefficient χ U is plotted in Fig. 4 as a function of ξ * /ξ * st for α = 0.9 and 0.6 and different values of the mass ratio m 1 /m 2 . This coefficient is defined by Eq. (64) and provides the first-order contribution to the partial temperature T 1 . As expected, χ U vanishes (i) for ξ * = 0 (undriven case) [57] [58] [59] and (ii) for mechanically equivalent particles (σ 1 = σ 2 , m 1 = m 2 and α ij = α). We observe that χ U is negative near ξ * = 0 and then it becomes positive for larger values of ξ * . It is also quite apparent that χ U exhibits a non-monotonic dependence on ξ * since it decreases (increases) with increasing ξ * for ξ * 0.05 (ξ * 0.05). In addition, there is a significant influence of the thermostat on χ U in the region close to the steady state limit (i.e., when ξ * ∼ ξ * st ). This effect is more pronounced for large mass ratios. The dependence of the (reduced) shear viscosity η * and the (reduced) transport coefficients associated with the heat flux on ξ * /ξ * st is plotted in Figs. 5 and 6, respectively. We infer similar conclusions to those found before for the diffusion transport coefficients. On the one hand, at a given value of the coefficient of restitution, the impact of the thermostat is more noticeable as the mass ratio increases. On the other hand, for at a given value of the mass ratio, the bigger the inelasticity the more the influence of the thermostat is.
B. Comparison with the transport coefficients of IHS
Once the influence of the thermostat has been analyzed, we focus now on the dependence of the Navier-Stokes transport coefficients on inelasticity in both driven (steady states where ξ * = ξ * st ) and undriven (ξ * = 0) granular mixtures. Our aim is to make a comparison with the existing results of IHS reported in the granular literature. In particular, the Navier-Stokes transport coefficients of IHS were obtained in Refs. [57] [58] [59] for undriven granular mixtures and more recently in Refs. [20, 21] for driven granular mixtures under steady state conditions. In both cases, the expressions of the transport coefficients were achieved after considering the leading terms in a Sonine polynomial expansion. The theoretical results were also compared against Monte Carlo simulations in the cases of the tracer diffusion [59, [73] [74] [75] and shear viscosity [59, 76, 77] coefficients. The comparison between theory and simulations of IHS show in general a quite good agreement for conditions of practical interest. The dimensionless diffusion transport coefficients are plotted in Fig. 7 versus α for hard disks (d = 2) with x 1 = 1 2 , m 1 /m 2 = 2, and σ 1 /σ 2 = 1. We include the results obtained for IHS by using the so-called first Sonine approximation (dotted lines) [20, [57] [58] [59] . Figure 7 highlights the excellent agreement found between the predictions of the first Sonine approximation for IHS and the exact results for IMM in the whole range of values of α analyzed. We have seen that this excellent agreement is kept when one considers other type of systems (disparate masses and/or strong inelasticity).
The α-dependence of the coefficient χ U of the first-order contribution to the partial temperatures is plotted in Fig.  8 in the steady state (ξ * = ξ * st ) for a two-dimensional system with x 1 = 1 2 , σ 1 = σ 2 , and two values of the mass ratio. We recall that this coefficient is zero for the monocomponent case, as expected, and also for the undriven case (ξ * = 0). For the values shown in Fig. 8 , χ U is positive, a decreasing function of α, and an increasing function of the mass ratio m 1 /m 2 .
The (scaled) shear viscosity coefficient η * (α)/η * (1) is plotted in figure 9 as a function of the coefficient of restitution. As before, d = 2, x 1 = 1 2 , and σ 1 = σ 2 . Three different values of the mass ratio are considered. As occurs in monocomponent granular gases [78, 79] , we observe that in general the qualitative dependence of the Navier-Stokes shear viscosity of the mixture (for driven and undriven systems) on inelasticity of IHS is well captured by IMM: η * increases with decreasing α. On the other hand, this increase is faster for IMM and so, the IMM predictions Three different values of the mass ratio are considered: m1/m2 = 1 (black lines), m1/m2 = 2 (violet lines), and m1/m2 = 4 (green lines). We consider both driven granular mixtures under steady conditions (ξ * = ξ * st , left panel) and undriven granular mixtures (ξ * = 0, right panel). The solid lines refer to the results derived in this paper for IMM while the dotted lines correspond to the results obtained for IHS in Ref. [20] in the first-Sonine approximation. Here, η * (1) is the value of the shear viscosity when the collision are elastic. transport coefficients, significant quantitative discrepancies between both interaction models are found for strong inelasticity. These type of discrepancies were already reported for monocomponent granular gases [78, 79] . 
VII. DISCUSSION
This work has focused on the evaluation of the Navier-Stokes transport coefficients of a granular binary mixture driven by a stochastic bath with friction. The results have been obtained by solving the set of nonlinear Boltzmann equations by means of the Chapman-Enskog method adapted to dissipative dynamics. The derivation of the transport coefficients consists of two complementary steps. On the one hand, we have characterized the homogeneous steady state of the mixture by obtaining the temperature ratio between the components of the mixture as well as the fourth cumulants (which measure the deviation of the distribution functions from their Maxwellian forms). The study of this state is crucial in the Chapman-Enskog method since it plays the role of the reference state (zeroth-order approximation f (0) i ) in the perturbation expansion. Then, the first-order solution to the Chapman-Enskog expansion provides the expressions of the Navier-Stokes transport coefficients. On the other hand, unlike previous attempts for IHS [20, 21, 48] , the description considers a time-dependent reference state which can be far away from the homogeneous steady state and hence, the determination of the transport coefficients is not necessarily restricted to states near the above homogeneous states. In this context, the Navier-Stokes transport coefficients are in general given in terms of the (numerical) solution of a set of nonlinear differential equations. Analytical solutions to these equations are obtained for undriven granular mixtures [ξ * = 0, ξ * being the reduced noise strength defined in Eq. (32)] and for driven mixtures in steady state conditions [ξ * = ξ * st where ξ * st is obtained from the condition x 1 Λ * 1 + x 2 Λ * 2 = 0, Λ * i being defined by Eq. (37) ]. Although the above task could be achieved by using IHS, we consider here IMM. The use of IMM allows us to provide exact results for all range on possible ξ * , including both undriven and steady driven mixtures.
As already said, before considering inhomogeneous situations, we have first analyzed the homogeneous state. In the hydrodynamic regime, the time dependence of the distribution functions is given through their dependence on the granular temperature T . This means that the set of Boltzmann equations admit the solutions with the scaling of Eq.
(31) where the temperature dependence of the scaled distributions ϕ i only occurs through the (dimensionless) velocity c = v/v 0 (t) (v 0 (T ) being the thermal speed) and the dimensionless noise strength ξ * (T ). Although the exact form of the distributions ϕ i is not exactly known even for IMM, they can be characterized by their first velocity moments. In particular, we have studied the time evolution of the temperature ratio χ 1 = T 1 /T (which is formally equivalent to analyze the ξ * -dependence of χ 1 ) for different systems and different initial conditions. As figure 1 clearly shows, after a short transient regime, all the curves collapse in an universal curve before reaching the asymptotic final steady state. This universal curve is in fact the hydrodynamic solution χ 1 (ξ * ). The same behavior has been found for the fourth cumulants of the distributions ϕ i and similar time evolution is expected for higher cumulants.
Once the reference state is well characterized, as a second step we have derived the forms of the mass flux, the pressure tensor, and the heat flux in the first order of the hydrodynamic gradients (Navier-Stokes order). From these forms we have identified the relevant nine transport coefficients of the system, namely, four coefficients associated with the mass flux (the diffusion coefficient D, the pressure diffusion coefficient D p , the thermal diffusion coefficient D T , and the velocity diffusion coefficient D U ), the shear viscosity coefficient η, and four coefficients associated with the heat flux (the Dufour coefficient D ′′ , the pressure energy coefficient L p , the thermal conductivity coefficient D T , and the velocity conductivity coefficient κ U ). These coefficients are given in terms of the solutions of a set of nonlinear differential equations in the variable ξ * . As in the case of the temperature ratio and the fourth cumulants, the (scaled) transport coefficients evolve in time towards the asymptotic steady state. Analytic expressions for all the Navier-Stokes transport coefficients are obtained for undriven gases (ξ * = 0) and for driven gases under steady conditions (ξ * = ξ * s ). These expressions are exact within the context of IMM. This contrasts with the previous results derived for IHS [20, 21, 57, 59] , where all the transport coefficients were approximately obtained by considering only the leading terms in a Sonine polynomial expansion of the distribution functions.
Apart from the transport coefficients, we have also evaluated the first order contributions T = −(x 1 /x 2 )T χ U ∇ · U). Although these coefficients are not hydrodynamic quantities, their calculation is interesting by itself and also because they are involved in the first order contribution ζ (1) to the cooling rate. The existence of a nonzero first-order contribution T (1) i induces a breakdown of the energy equipartition, additional to the one appearing in the homogeneous state (which is only due to the inelastic character of collisions). In fact, T (1) i = 0 for undriven granular mixtures at low-density [57] [58] [59] but T (1) i = 0 for dense systems as has been recently shown [71] . The temperatures T (1) i were not considered in our previous works [20, 21] on driven dilute granular mixtures for IHS, although they have been recognized in a recent erratum [48] . The results obtained here show that the magnitude of the coefficient χ U is in general not small and hence, the impact of T (1) i on ζ (1) cannot always be neglected. We have carried an analysis of the dependence of the transport coefficients on ξ * , keeping fixed the rest of the parameters, which in turn allows us to asses the influence of the thermostat on the system. For small values of the inelasticity (say α 0.9), the transport coefficients depend very weakly on ξ * ; only variation of the coefficients less than 1% is observed from the undriven ξ * = 0 to the steady-state value ξ * st . By contrast, the dependence of the transport coefficients on ξ * becomes very important in general for large inelasticity. As a consequence, a very good approximation when describing driven IMM with small dissipation is to use the transport coefficients of the undriven case; keeping in mind that the constitutive equations have to include the terms of the thermostat. As the results of IMM are comparable to IHS, the previous conclusion is expected to be applicable to IHS as well.
To make contact with the results obtained for IHS [20, 21, 58] one needs to fix the collision frequencies ν ij . Here, as in previous works on IMM [8, 67] , ν ij has been chosen to reproduce the partial cooling rates ζ i of IHS in the Maxwellian approximation. The comparison between the exact results of IMM with those obtained for IHS by using approximate analytical methods allows us to gauge the degree of reliability of IMM for the description of granular flows. Here, we have accomplished this comparison with the results obtained for undriven granular hard-sphere mixtures [58, 59] and with the results for IHS derived by the authors for driven granular mixtures by using the same type of thermostat. The comparison shows in general very good agreement between IMM and IHS for the transport coefficients associated with the mass flux; discrepancies between both interaction models are more important in the case of the shear viscosity coefficient and specially in the heat flux transport coefficients. However, the IMM results still capture qualitatively well the dependence of η on α for IHS.
In summary, we have revisited previous works [20, 21] on transport in driven granular mixtures at low density. In contrast to the previous attempts for IHS [20, 21] where only the transport properties were evaluated under steady conditions, in this paper we have also studied transport in states arbitrarily far from the homogeneous steady state. This allows us to provide an unified hydrodynamic description for driven and undriven granular mixtures at low density, capable of describing granular gases in contact with a thermostat in general conditions. In addition, to achieve exact results in both undriven and driven steady granular mixtures, we have employed IMM where the collisional moments of the Boltzmann operator can be exactly computed without the knowledge of the velocity distribution functions.
Our results show that, after a transient regime, the system reaches a hydrodynamic regime where the temperature dependence of the scaled transport coefficients occurs through the reduced noise strength ξ * . Analytic expressions for the Navier-Stokes transport coefficients have been obtained in the special cases of undriven mixtures (ξ * = 0) an driven steady mixtures (ξ * = ξ * st ). A comparison with previous works of IHS shows a very good agreement for the mass flux, but significant quantitative discrepancies are found between IMM and IHS at the level of the shear viscosity and the heat flux, specially at strong inelasticity.
